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Abstract—The classical diffusion theory is based on the assumption of local thermal equilibrium. For

conduction in thin films or at low temperature, the classical theory of heat conduction breaks down.

Various investigations have shown that a wave-type conduction equation adequately describes the thermal

energy transport. This paper describes a general solution technique when the wave nature of thermal energy

transport is dominant. The solution for temperature distribution is derived for finite bodies. The definition

of Green’s functions for a wave-type conduction equation is presented and a general form of the Green’s
function solution method for finite bodies is introduced.

INTRODUCTION

THE EXISTENCE of a thermal wave in super fluids near
absolute zero has been known for decades [1]. Bau-
meister and Hamill [2, 3] studied thermal wave propa-
gation in a semi-infinite solid subject to step change
in the surface temperature. Ozisik and Vick [4] studied
the reflection of a thermal wave in a one-dimensional
slab. This subject has been intensely studied by numer-
ous investigators and results of various investigations
are available in the literature. An extensive survey of
published work is beyond the scope of this paper;
however, an excellent up-to-date survey of published
work is reported by Ozisik and Tzou [5].

The solutions for wave-type conduction equations
are generally reported for infinite bodies. Ozisik and
Vick [4] presented a solution for wave propagation in
a slab bounded by two insulated surfaces. This paper
describes a method of solution of the thermal wave
equation in many finite bodies that accept solutions
for the classical diffusion equation. Solutions can be
derived from the classical Green’s functions. Because
the classical Green’s function is predictable, the solu-
tion of the wave-type conduction equation is readily
available using the tabulated values [6] of the classical
Green’s functions [7]. The solution presented in this
paper leads to a short-cut procedure that would pre-
empt the need for lengthy mathematical derivations.

It is shown that a solution of the Fourier-type
diffusion equation serves as the building block to con-
struct a solution for the thermal wave equation. Fol-
lowing mathematical formulations, examples dem-

onstrate the procedure. The numerical study shows
that the convergence of the series solutions is relatively
slow. A procedure to accelerate the convergence of
the Green’s function is presented.

MATHEMATICAL STEPS

This presentation describes a generalized solution
of the heat conduction equation in the wave form [5]

a7, k 0T,
V- [kVT(E, D] +4(r, 1) = pe, é‘t 0 x ag 1)
0)]
where
* 3g(r,1). o

g0 = g0+ = =
The function g(r, #) represents an internal heat source.
The heat source can be a distributed or a discrete
function of position and time. The solution for equa-
tion (1) is derived from the classical Fourier-type con-
duction equation. The fundamental solution of the
Fourier heat equation

oT(r, 1)

V- [kVT(r, )] = pe, 2

3

in a finite body subject to homogeneous boundary
conditions is
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NOMENCLATURE
b radius, m T* auxiliary temperature function [K]
B,, B, constants of integration Ty effect of initial conditions on T [K]
C,» Cy, constants of integration Ts effect of source on T [K]
Ccy specific heat [J kg~' K] Ty effect of boundary condition on T [K]

F, eigenfunction

g(r, 1) volumetric heat source [W m ]

g see equation (2)

g¥(r) function of time, see equation (11)
g¥(r) Laplace transform of g¥(¢)

G(*) Green’s function for diffusion
equation

G.(*) Green’s function for thermal wave
equation

G..(*) a-conjugate component of G,

G.(*) b-conjugate component of G,
k thermal conductivity [W m~ ! K]
L thickness of slab [m]
I,m, n, p indices
A norm, defined by equation (8)
q heat flux [Wm %
r, ¥ radial coordinates [m]

r position vector m]
r position vector for source in Green’s
function [m]

r* dummy variable [m]

s Laplace transform variable

T temperature in thermal wave equation
K

T temperature in Fourier diffusion

equation [K]

T; OT/otatt =0

T, Tatt=0

t time [s]

14 volume [m’]

x, ¥,z coordinate [m]

x’, ¥,z coordinates of the source in Green’s

function [m].

Greek symbols

o thermal diffusivity [m?s ']

B, defined by equation (10)

v eigenvalue [s7']

o delta function

U,  eigenvalues, roots of J,(g,,) = 0
v eigenvalue

¢ coordinate of thermal pulse [m]
p density [kg m ™3

¢ speed of wave [ms™!]

T time of the source in Green’s function
¢ angular coordinate

¢ angular coordinate of source

¥,(t) time function in the solution
w,(s) Laplace transform of ¥,,(¢)

o, B

T(r,1) = i F,(r)e . @)

ne=l
The eigenfunction F,(r) satisfies the relation
V- [kVFn(r)] = “yanpFn(r)' (5)

The following derivations show that the solution of

equation (1) is a modified form of equation (4):
Solution of the wave equation. A solution for equa-

tion (1) is considered by modifying equation (4):

T=T*+ i V(1) F,(r)e . )

n=1

This solution includes an unknown function of time,
Y (). The parameter y,¢ is the apparent damping factor
while the actual damping factor includes the con-
tribution of y(#). The computation of function (1)
is the subject of this mathematical formulation. The
function T* = T*(r,1) is any known differentiable
function that satisfies the non-homogeneous bound-
ary conditions. Further discussions on the nature of
the function T* appear later. Substitution of T from
equation (6) in equation (1) yields

V- (kVT*)+ i V- [kVE, (@), e

n=1

iz 0T*+k62T*+ iF()
= —_—+ = — r
dy, k Z
X Iiﬁ_'ynwnei}'""*' iei'/"[:|"" - Z Fn(r)
dr 02 n=1
) dy, d*y,
2o — Dy =l —it | 7
X[m//ne Zmgp €t i @)
Now, one can use equation (5) to eliminate

V-[kVF,(D)]y,.e ™ on the left-hand side and
pc,F.(r)y. 0.7 on the right-hand side of equation
(7). Next, multiply both sides of equation (7) by F,,(r)
and integrate over the domain. The orthogonality con-
dition requires that

Owhenrn # m
N,whenn=m"

J F,(0)F,(ndV = { (8)
Vv

The result is
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OT*(r,t) k 0*T*(r, 1)
T T e |0
kN, T, .
= bt 2 =2t | )

where ,, and , stand for dy,/dt and d %, /d#, respec-
tively. Equation (9) is a second-order ordinary differ-
ential equation,

2

Vo= 2800+ 730, = g¥1): B, = o

I (10)

where g¥(¢) is a function of time that incorporates the
effect of the internal heat source in the solution, which
is 6*/kN, multiplied by the left side of equation (9),

alel

kN,

gi(H = J [q+v - (kVT*)

oT*  k 0°T*
_pcp—a;"-—;; 5;2 }Fn(r)dV (11)

where § = g(r, f) and T* = T*(r, ).

Integration of ordinary differential equation

The differential equation given by equation (10) has
an exact integration. The solution using the Laplace
transform method is presented here to facilitate the
subsequent mathematical derivations. Defining the
function ,(s) as the Laplace transform ,(f) and
G¥(s) as the Laplace transform of g¥(¢), equation (10)
gives the function i,(s) as

Gx(s) s, (0) +,(0) — 28,,,(0)
2 —2B.5+9? st —2B,5+72 '

¥als) =

(12)

The denominators are the same and have two distinct
roots

S =ﬁn+\/ ﬁf—)’f and §2 :ﬁn_\/ ﬂrzr_'yf
(13)
The function l/?,,(s), equation (12), can be written as

- G(s) < 1 1 ) B, B,

lﬁ,,(s)= > -
2/ -2 \S—s s—s:) s—s 0 s—s

(14)

where B, and B, are constants. The inverse transform
using the convolution theorem is

3 ex,(/--z)_exz(l—r)
Y. = f ———F=—=9*(0) dt+ B,e"" + Bye.

o 2/BF—v;
(15)

When B2 —y? = 0, the values of s; and s, are real;
otherwise, these roots are complex. The real roots
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correspond to the case when y,a/6? < 1/4 and the com-
plex roots are for y,&/a” > 1/4. The parameter a/o” is
the relaxation time [8] and 7,(x/¢?) = 1/4 is a con-
dition that governs the transition of a thermal wave
from over- to under-damped wave modes. Equation
(15) after substitution for s, and s, becomes,

Y. (1) = M {C,,sinh [/ B} —v:i1]
+C,, cosh [\/ (B2 ~y2)1]}

+ j e’ sinh [\/f7 =2 (1—1)] g% d
0 Vb=

when g2 —92 > 0. (16)

Depending on the sign of the quantity (82 —7v2), the
arguments of the hyperbolic sine and cosine in equa-
tion (16) will be real or imaginary. The temperature
solution is obtained by substituting ,(¢) from equa-
tion (16) in equation (6):

T, t)y=T*{,1)

+ Y F.(meeb{Cy,sinh [/ B7 —v21]
n=1

+Cy,cosh [/ =72} + ¥, Fo()e™™
n=1

y J’ e/~ sinh [\/B; —ya (t—T)]g;,(r) dr.
0 VB

7)

Equation (17) is the solution of equation (1). As dem-
onstrated by examining equation (17), the general
solution is the sum of three effects : initial conditions,
T,, internal heat source, T, and boundary conditions,
Tg. For convenience, the solution is written as

T, ) =Tor, )+ T, )+ Ty(r, D (18)

and each of the three functions is described separately.
The effect of the initial conditions is examined using
the following terms in equation (17):

To(r,1) = i F (e "eM{C,,sinh [\/ B —77 1]
+Cy,c0sh [/ B ~vid}. (19)

Two initial conditions are needed to compute C,, and
C,,. The first initial condition, Ty(r,0) =
T(r,0) — T*(r,0) = T,(r), equation (19), after using
the orthogonality condition, equation (8), yields

N (20)

1
Co = —J T.(r')F,() dVv".
Vv
Applying the second initial condition [0Ty(r, 1)/
0t =0 = [0T(r, /01— O0T™(x, 1)/01], o = Ti(r) to
equation (19) and following the application of the
orthogonality condition one obtains



1
————— A E () dV”
nN ﬁn N\J'
62 )2a

vV ﬂn—t)n

Equations (19), (20), and (21) can be combined into
the following single equation:

x F i
Tolr, 1) =J 2 _‘n(rx«",,(r)e Tl
4

" n=1 n

+ C2n (2])

{T(r)cosh[ﬂ/ﬁ2 "t]+smh[. ﬁ’—yn

/ﬂl
x [ﬂ T.(r)+ T,-,-(r’)}}dV’. (22)
2a

Equation (22) holds for the conditions g2 —72 > 0
and B2—y2 <0. When B2—7y? <0, the following
identities apply :

cosh [ /B2 —721] = cos

sinh [\/Ef—it] sin[/v2 — B
\/ _Yn \/ n_ﬁn

For the evaluation of T(r, 7) in equation (18), con-
sider the case when the source term does not have
a zero value. The function T4(r, ), equation (18),
accounts for the contribution of g(r’,t) to g¥(r) in
equation (17). The contribution of volumetric heat
source using equations (2), (11), and (17) is

[V72—Bi1l

.,

(23)

To(r,t) = i F,(re "

n=1

tef Y ginh [ /B2 —y2(r—1)] o'
x
0 VB - kN,

x J F,(r) [g(r’, O+ M}dV’ dr. (24)
v a> Ot

Equation (24) equally holds when B.—7v2 >0 or
B2 —72 < 0; see equation (23).

The function Ty(r,?) is the contribution of the
boundary conditions to the temperature solution. The
function Ty(r, ) consists of the terms that contain
T*(r,t) in equation (17) and the definition of gXt)
using equation (11). Then, the contribution of non-
homogeneous boundary conditions, Tg(r, ), is

Ta(r,t) = T*(r,0)+ Y. F(r)e
n= |

J" e’ sinh [/ B2 —y2(t—1)] ol

x

0 VBi—n kN,
aT*(r', 1)

XJ Fn(r/)[v'[kVT*(r'.‘()]—pcp— n
v ot

2k’
—ﬁ,[————a r (r’T):HdV’dr.
o’ or?

(25)
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If T* is the steady-state solution, then
V- [kVT*(r)] = 0 and pc,0T*(r)/0t = 0. However, it
is possible to have V:[kVT*(r,t)] =0 while
OT*(x,1)/0t # 0.

The substitution of equations (22), (24), and (25)
in equation (18) represents the solution of the thermal
wave equation. This solution uses the eigenfunctions
of the solution for the Fourier-type heat conduction.
Since solutions of the Fourier-type heat conduction
for various finite bodies are available [6, 7], equation
(18) yields the solution of the thermal wave form of
heat conduction.

The procedure developed here leads to the devel-
opment of a methodology that is based on the Green's
function solution method. The Green’s function solu-
tion method is a better and simpler procedure to
obtain a solution for a thermal wave equation. The
objective is to develop a solution technique for the
thermal wave equation that uses the already available
tabulated Green’s functions [6] for the Fourier-type
conduction equation. To present the solutions in
terms of universally available solutions, it is necessary
to define the Green’s function. Here, the definition of
the Green’s function is the same as the definition of
the Green’s function for Fourier-type conduction. It
is the temperature distribution as a function of r and
t when there is a quantity of heat released at point
r* at time t* according to the relation
g(r, t) = pc,6(t—t*)o(r—r*). This leads to a deri-
vation of a Green’s function based on existing infor-
mation available in the literature. The function g(r, ¢)
using equation (2) takes the following form:

g(r, ) = pe,o(t—1*)o(r—r*)

*
pedle—rt) 7 %“TT-) (26)
The definition of the Green'’s function presented here
is different from that given by Ozisik and Vick [4]
because of the second term on the right-hand side of
equation (26).

After differentiating §(z—1*) with respect to t*
instead of ¢, equation (26) becomes

g(r, 1) = pc,o(t—1*)6(r—r*)
o 00(t—1%)

ot*

— pcyo(r— r*) 27
Equation (24) provides the Green’s function when
g(r, 1) is given by equation (27). One must replace r
by r’ and ¢ by t in g(r, ) and then substitute g(r’, t) in
equation (24) to obtain

To(en)= 3 (e

n=1

J‘e’”’ 9 sinh [/ B ,n(t—r)]
0

vﬁn n

olei

kN,,

X J F,(r) {pcpé(r —1¥)3(r' —1*)
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, o 00(t—1%) )
—pe,o(r —r*); T:]dV dt
= F
-y b0 ( J Fn(r’)é(r’—r*)dV’)
n=1 Nn 14

@ ("exp[— (u— BNt —c}sinh [/ B —y3(— 1)
“Na ), VB

x 0(t—1%) dr)—— i

ot*

» (J"CXP [— (= B)(t—D)sinh [/ 7 —77 (t—-1)]

0 \//3,2.—)’,21

x o(t—1*) dr)} .

Following integration of equation (28) using the stan-
dard delta function identities, subsequent differ-
entiation with respect to ¥, and some algebra that
uses the definition of f, in equation (10), one obtains

(28)

_ = Fn(r)Fn(r/) —y (1—1)
TG(ra t) - n;] N,, €
o [ ep—o SiOR L@, (1= D] i E@FETY) e
2aw, /62 et N,

< {eﬂn(zﬂ*) cosh [\/ﬂ([_f*)]}. (29)

The function T4(r, ¢) is the temperature at point r and
time ¢ when there is an energy g(r,f) =
peo(t—1*)d(r—r*) at point r* released at time t*.
Accordingly Ts(r, ¢) represents the Green’s function
computed for the wave-type conduction equation.
After replacing t* by 7 and r* by r’, the function
Ts(r, 1) will be designated as G, (r, f|r’, 7), that is,

Go(r, 1, 1) = Gou(r, £, 1) + G (T, £l 7)  (30)
where
L S EME()
G (r, |1, 1) = ,2‘1 .
x g Tl Jebili-0 w} (31
20w, /0?
and
, & F.(n)F,(r)
GWb(r’ t ; e T) - nZl T
x e W {ehl=D cosh [w,(1—1)]}  (32)

where w, = /B2 ~y: and 2aw,/o? = \/1 —4y,afc?.
The wave form of the Green’s function, equation (30),
has two conjugate components : an a-conjugate com-
ponent and a b-conjugate component. The b-con-
jugate component is useful for calculating the contri-
bution of the initial condition. Except for the terms in
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curly brackets, the definitions for G,(r,7|r’,7) and
G,(r, 2] ¥, 7) are the same as the definition for the
standard Green’s function for the diffusion equation

v FMEX)

G(r,tir, 1) =
( | ) ngl Nn

=1}

(33)

A comparison between equation (33) and equations
(31) and (32) shows that these equations have an ident-
ical form. A Green’s function using equation (33) is
chosen as the referenced quantity because, for a given
problem, it can be inferred from the universally avail-
able Green’s functions for Fourier-type conduction
[6]. This means that many Green’s functions can be
simply written down using the tabulated Green'’s func-
tions given in ref. [6] and then augmented by the
bracketed terms in equations (31) and (32).

Green'’s function solutions
Equation (22) can be written in terms of the Green’s
function components G, (r, f | v',7) and G, (r, | ¥, 7):

To(r, 1) = j [Ti(r')Gw(r,tlr’, 0)
2
+ 5 Tu(r)Go,(r,t| 1, 0)]dV’- (34)
o

Except for the term corresponding to T;(r’), equation
(34) is similar to the corresponding Green’s function
solution for Fourier-type heat conduction. Similarly,
equation (24) can be written in the form that uses the
Green’s functions for the Fourier heat conduction as

2 t
TG(r,z)zfj dr J Gualr, 117, 1)g(x, 1) AV’ (35)
0 14

where g(r',7) is given by equation (2). The con-
tribution of the heat source in the Fourier-type heat
conduction is quite similar to equation (35). Here, in
addition to a factor of 2, the a-conjugate component
of the Green’s function is used while the source term
in equation (35) is represented by g(r’, 7) instead of
g’ 7).

For the contribution of the boundary conditions,
equation (25) using the Green’s function, equation
(3D, is

2 i
To(r, 1) = T*r, 1)+ ﬁj dr
k =0
oT*(r', 1)
01

k [82T*(x',7)
- =—=——"1]. 36
A7) o

Equation (36) is analogous to the alternative Green's
function solution defined in ref. [6]. When a T* func-
tion is not readily available, it is possible to set

X J G, t|r, ‘E)|:V RVT*(r, 1] - pc,
14
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‘ or(r,
T*(r,t) = aJ er [G(r,th",r) L)
o s on
oG ’,
T ) M} ds. (37)
on .
This form of T* causes the term

V- [kVT*(r, )] —pc,[0T*(r, t)/0r] to become zero.
However, this is not recommended because the con-
vergence of equation (35) is poor when G(r,z|r’,7) is
an infinite series. In some cases, it is preferred to solve
the Laplace equation V:{AVT*(r,7)] =0 using the
non-homogeneous boundary condition and treating
time, ¢, as a parameter. Equation (36) yields the value
of Ty, while the terms containing 07*(r’, )/t and
3*T*(r',t)/07* are retained.

As stated earlier, the Green’s function is readily
available for many problems. Since the substitution
of equations, (34), (35), and (46) in equation (18)
yields the temperature, the lengthy algebraic steps
described in this paper need not be repeated.

Transition to diffusion equation

It is now shown that the thermal conduction
described by the wave equation reduces to the solution
for the diffusion equation. The task is simplified by
proving that equation (30), as ¢ — oo, reduces to the
corresponding Green’s function equation for the stan-
dard thermal diffusion ; that is,

lim Gu(r,t]1,7) = ;G(r,1|¥,1)  (38a)
and
lim Gu(r,t]1',7) = SG(r,tir,7).  (38b)
These two limiting values can be shown if
inh t—
lim | eft— w = % (39a)
7= 2aw,/c?
and
Jim [e7 cosh [w, (1= )]} = 3 (39b)

Proof. Using B, defined in equation (10), w, reduces
to

2
w, =B = (%)/ —aae.  (40)

This equation, following expansion using the binomial
series, becomes

o2 1 4y, 1/ [4y,a\’
w, = <2cx>|:l_2 T (02 ) - . (41)

For large o, one can assume 4y,2/6” « 1. Retaining
the first two terms in square brackets in equation
(41) and replacing all remaining terms by E(o), the
function w, becomes

w, = (;—a)-vn+E(a> (42)
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where E(o) — 0 as ¢ —» c. Equation (39a) can be
rewritten as

0.2

{exp [(ﬂn + (1),,)([ - T)]

lim
=% 4m,0

—exp[(B.—w)(t=D)]} =5. (43a)

According to the definition, 8, = y,— ¢%/2a, equation
(10), and w, in equation (42), the following quantities
in  equation (43a) are calculated: %/
(@o,a) = (0°/40)/[(0%/20) =y, + E(0)], Btw,=
E(0), B,—w,= 2(y,—6*2a)—E(s). When ¢ — o,
then ¢%/(dw,2) = 1/2, B+, - 0,and f,—w, = — 0.
Therefore, the first term in the curly brackets in equa-
tion (43a) approaches 1 and the second term in the
curly brackets becomes zero. Similarly, equation (39b)
reduces to

gli_’frolo % [exp (ﬁn + wn) (t - T)]

+exp[(B,—w)(1—D] =3 (43b)

This proves that equations (39a) and (39b) are correct.

At the limit when ¢ — o0, the identities given
by equations (39a) and (39b) will force the terms
on the right-hand side of equation (30) to
become  lim G, (r, tr',7) = (1/2)G(r, f)r',7) and
Hm Gy, (r, 11, 1) = (1/2)G(x, |r', 7). Accordingly, the
sofutions for the wave form of the diffusion equation
will reduce to the solutions for the standard diffusion
equation as ¢ — o0.

Example 1

The objective of this example is to formulate the
Green’s function for a slab insulated on both sides
and to provide numerical values. The one-dimensional
example compares the mathematical derivation pre-
sented in this paper with the work of Ozisik and Vick
[4].

Solution. The Green’s function for Fourier-type
conduction (X22 in ref. [6], p. 492) can be written as

1 0
G(x, t]x,1) =Z|:1+2 Y. exp[—m’r’a(t—1)/L’

m=1

mnx mnx’
X €OS <T> cos < 7 >] (44)

Comparing this equation with equation (33), the first
eigenvalue is y, = 0. The remaining eigenvalues are:
ya=mafl? oy =22mtfLA. .., y, = (n— 1)/ LA
Also, the eigenfunctions are F,(r) = cos[(n— 1)nx/L]
and F,(r) = cos[(n—1)nx’/L], and the norms are
Ny = Land N, = L/2 for n > 1. Equation (44) can be
written as

mnx

L 2 —Ogum
Glx,t|x,1) =Y —-—L—Ocos (T)

m=0

X COS (mzx) exp[—m*rla(t—1)/L*] (45)
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where d,,, 18 the Kronecker delta, é,,, = 1 whenm =0
and d,,, = 0 when m # 0. The a-conjugate and b-con-
jugate components of the Green’s function are simply
obtained by multiplying equation (45) by the terms in
the curly brackets of equations (31) and (32). The
results are

Z 2—0om
Gua(x, 11X, 7) = Y LO cos <?>

m=0

X COS <mM/>exp [—m*rla(t—1)/L%]

L
b B
x | efmlt=0) Sw (46a)
20w,/ 02
and
, & 2—0gm mmnx
Gurle 11X, = ¥ = COS( i )
X €08 (mzx )exp [—mmla(t—1)/L}]
x [e*¢ 7 cosh [w,,(1=7)]]  (46b)
where
B, = m*nta/L?—o*/20
and

,, = / B%— (m*n’a/L?)*.

The sum of equations (46a) and (46b) gives the value
of the Green’s function for the thermal wave equation,
as indicated by equation (30). The parameter ¢L/u
is the dimensionless wave speed. A one-dimensional
solution, for a pulse with finite thickness, as reported
in ref. [4], will reduce to the Green’s function given by
the sum of equations (46a) and (46b).

An examination of equations (46a) or (46b) shows
that exponential terms may be combined and written
as exp [— (6/2a)(¢ — 7)] which is independent of m and
will not contribute to the convergence of the solution.
Therefore, the convergence of equation (46b), in par-
ticular, is expected to be siow. However, when oL /a is
large, the terms in the large square bracket, equations
(46a) or (46b), will approach —;- equations (39a) and
(39b), and the convergence will be similar to that for
the classical Green’s function in diffusion problems.
Figure 1(a) shows the rate of convergence for G(-),
Guo(*), Gy(*), and G,(*). The a-conjugate com-
ponent of the thermal wave equation converges
reasonably fast, but slower than the convergence of
the Green’s function for Fourier conduction, G(+),
equation (45). The b-conjugate component has a large
contribution to the value of G,,(+) and it did not con-
verge after 60 terms. Figure 1(b) shows
Gu(*) = Guo(*) +G,,(*) after 100 terms, 10000
terms, and 1000 000 terms. Figure 1(b) indicates that
equation (46b) oscillates about the solution and does
not converge to the solution.

One can modify equation (46b) and achieve a rela-
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tively fast convergence for G,(+) by extracting the
contribution of the energy pulse, represented by the
delta function, from this solution. For instance, at the
limit when ¢, — 0 one obtains w,, —imne/L, indi-
cating that the material domain does not have a
capacity to store thermal energy. For the zero-heat-
capacity condition, a — o0, equation (46b) reduces to
a solution for an energy pulse moving in the material
domain and reflecting from the walls. Using the
expansion of the delta function in the Fourier cosine
series, the right-hand side of equation (46b), for the
case of « — o0, reduces to

L 2= o5 max\  (mnx’ mﬂULI—t)
2L cos | = Jcos 3 cos T

1
=5[0((x+x) = +o(|x—x'| =)

where ¢ = |o(t—1)—2jL| and j corresponds to the
number of reflections from the x = L surface. The
value of j = 0 before the pulse is reflected or after one
reflection from the x = 0 surface ; the pulse first arrives
at x when ¢ = | x—x’} and after reflection from the
x = 0 surface when £ = x+x’. Multiplying both sides
of this identity by exp [~ (¢6%/24)(t — )], then adding
the resulting relation to equation (46b), yields

G.(x, 1] x',1) = exp [— (6?/2a) (1 —1)]

1
x {5 [O((x+x) = +0(| x~x| -]

N i 2—8om mnx cos mnx’
m:O——L cos A 3

x [cosh {(w,,(t — 1)) —cos (mno(t— r)/L)]} . (46c)

Figure 1(b) shows that the Green’s function, LG, ("),
that uses G,,(*) from equation (46c) sufficiently con-
verges within 100 terms, whereas for a calculation
using equation (46b) there is a continuous oscillation
about the mean value for a large number of terms.
For a faster convergence or when temperature is not a
smooth function of position and time, equation (46c)
should be used instead of equation (46b). The data
arefor 6Ljo = 10, a(t—1)/L* = 0.025, and x/L = 0.2.
The reason for a better convergence, using equation
(46b), 1is that the quantity coshiw,(t—1)]—
cos [mno(t—1)/L} - 0'as m — oo.

Figure 2 is prepared for oL/a = 10. It shows the
value of the LG (x, t| x’, 1) as a function of x/L when
energy is supplied to the x = 0 surface at time 7. The
solid lines in the upper portion of the figure, Fig. 2(a),
describe the wave front for small times of
a(t—1)/L* = 0.025, 0.05, and 0.075. For comparison,
the dashed lines represent the solution of the Fourier-
type diffusion equation. Notice that early in the
diffusion process the difference between the two solu-
tions is quite large.

It is interesting to observe several characteristics of
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FiG. 1. (a) Convergence of the Green’s function for the thermal wave equation and the Green’s function
for Fourier conduction. (b) Acceleration of the convergence of G,,(*) when a(t—7)/L* = 0.025, 6 L/a = 10,
and x/L = 0.2

the data shown in Fig. 2(a). It is quite clear that the
wave-type conduction and Fourier-type conduction
give quite different results, particularly at the smaller
times. However, for each of the dimensionless times
shown in Fig. 2(a), there is clear evidence of a traveling
wave. This has been observed before but these tra-
veling waves have a Dirac-delta-type moving wave
at the end location of the wave and their energy is
dissipating exponentially as shown by equation (46¢).
There is no temperature rise beyond that point (for a
given time). However, as the strength of the pulse
decreases with time, the area under any curve in Fig.
2 remains constant. The bottom portion of this figure,
Fig. 2(b), shows the wave front following a reflection
from the x=L wall at a(t—1)/L*=0.1. At
a(t—1)/L* = 0.125, the difference between the two
solutions becomes small; therefore, the energy
remaining in the traveling energy pulse rapidly dimin-
ishes as the wave travels toward the x = 0 plane.
Figure 3 shows the value of LG, (x, t | x', 1) atx’ =0
and x = 1 as a function of a(t —1)/L% Each solid line
in the figure is for a different value of ¢ L/a. The dashed

line in Fig. 4 represents LG(x,t|x’,1) for Fourier
conduction. In this figure, there is a marked difference
between the two solutions, especially when oL/« is
small. The temperature at x = L remains equal to zero
until the arrival of the thermal wave when a jump in
temperature occurs. Figure 4 is similar to Fig. 3,
except the Green’s function is calculated at x =0
instead of x = L. Each curve in Fig. 4 includes one
reflected pulse after the thermal wave leaves the x = L
surface. However, pulses that have been reflected
more than once are deleted from the graph. Generally,
the series solution representing the Green’s function
converges slowly for small oL/« values.

Example 2

The purpose of this example is to show the method
of determining the Green’s function for a mul-
tidimensional body.

Solution. A two-dimensional case is used mainly to
show the procedure for writing down a solution from
existing information available in the literature. Only
the mathematical formulation of the Green’s function
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is presented. This example is concerned with a cyl-
indrical sector of radius b within 0 < ¢ < ¢y; G =0
atr=5,¢ =0, and ¢ = ¢,. The Green’s function for
the Fourier-type conduction is (R0O1®11 in ref. [6],
p- 453)

G(rig,tlr, ¢t

b2¢0 mgﬂ Zv:
J (U { DY, (1, [B) 511 (VD) Sin (V")
972 ()

x €xp [~ i x(t—1)/b’]

where v = jn/¢, for j= 1,2, 3,..., and p,, are roots
of J,(u,,,) = 0. Because the eigenfunctions and norms
remain unchanged, the corresponding solutions for

Gwa(’; d’, t | r,’ d”s T) and wa(ra ¢9 1 | r’y ¢,s T) are

47N

Goalr, 117, 80,7) = bz‘;ﬂ 33
A (o7 [D), (¥’ [B) 50 (vD) SiM (VD)
I (Uomy)
x exp [— p2,a(t—1)/b*] x {eﬂmv(’“’) sinh {1 )] T)]}
24w,,,,/6?
(482)
and
Gunr: 117,850 = m: i
o Iy, 110)J, (,1'[b) s (v9) sin (vh')
I ()
X exp [— pma(t — 1) /b* {7 cosh [0, (1 — 1)]}.
(48b)

Equations (48a) and (48b) are exactly the same as
equation (47) except for the terms in the curly brackets
which are simply copied from equations (31) and
(32), respectively. The values of parameters £,,

and w,, using equations (10) and (40) are B,, =
pim/b* — 6?20 and @, = \/ B, — (2n/b?)?. Then,
equations (34), (35), and (36) will provide the com-
plete temperature solution for the thermal wave

equation.

Example 3

This numerical example shows the behavior of a
three-dimensional temperature solution. It is
especially important to examine the numerical
behavior of the solution for situations where there is
no perfect pulse. A cubical body L x L x L with initial
conditions T(x, y,z,0) = 0T(x, y, z,0)/0t = 01is selec-
ted. All surfaces are insulated except that heat is being
released over an area on the z = 0 surface, bounded
by the lines x =0, y =0, x = L/2, and y = L/2. The
energy released is g,sin (2rnat/L?) for a time period
0 <t < t,, where aty/L? = 1/2. A parametric study of
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the temperature at different times and at two locations
is examined.

Solution. The Green’s function given by equation
(45) is used to construct the Green’s function. The
Green’s function for Fourier conduction, using the
product method [6], is

Gx,p,x,1x,y,2,1)
£ & & cos(Inx/L)cos (Inx/L)
-$ 3 ¥ )
(=0m=0p=0 !
y cos (mny/L) cos (mny/L) cos (prz/L) cos (pnz/L)
N,, N,

xexp { —[({n)? + (mm)* + (pr)*Ja(r— 1)/ L7}

where the norms N,, N,,, and N, are equal to L when
the respective /, m, and p are zero and they are equal
to L/2 when /, m, and p are larger than zero. For
this specific problem, the boundary conditions are
homogeneous and the initial temperature and its time
derivative are zero. Therefore, the temperature solu-
tion given by equation (35) includes only the a-con-
jugate component of the Green’s function. Similar to
Example 2, the a-conjugate component is

Guox, 3, %, 8 X, Y, 2, 7)
cos (Inx/L) cos (Inx'/L)

- [=ZO mgo pgo N/

N cos (mmny/L)cos(mny’/L) cos (pnz/L)cos (prz’/L)
N,, N,

P

x exp { ~[(In)* + (mn)* + (pm)*Ja(t—7)/L?}

200;,,,/0°

The definitions in equations (10) and (40) yield
Bimp = [(I0)*+ (mn)? + (p)*]o/L* — 6720 and @, =

B2, — (Uap/b?)*. Equation (35) for this problem
reduces to

T(x,y,z,0)

2“ 't 'L '0.5L (*0.5L
= ?J drj j j GoxX,y,z,t| X'y, 2, 7)
0 z=0,Jy=0Jx=20

X [qoé(z —0) sin 2rat/L?)

N agod(z—0) dsin (Qrat/L?)

e e }dx dy dz’.

The Dirac delta function is (z—0) = 0 when z # 0
and 6(z—0) = 1 when z = 0. The upper limit of inte-
gration over 1 is ¢ when ¢ < t; and 7, when ¢ > ¢,. The
substitution of the Green’s function in this equation
yields

T(x,y, x,0)

x & cos({nx/L)sin (In/2)
go p=0 lT[N[/L

M8

!
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cos (mmy/L) sin (mn/2) cos (pnz/L)

mnN,,/L N,
2aq, [ . 2o’ 5
x— L [ sin 2rot/L?) + gt cos (2mat/L*)

X [exp [—o2(t—1)/24] M’;ﬂl}df

204,,,/67
which reduces to
kT(x,y,x,1)
Lgo
& & & cos(Inx/L)sin (Ir/2)
B /;0 mz=:0 pgo InN,/L

N cos (mmny/L) sin (mn/2)

mnN,,/L
cos (pnz/L) 2a 2na?
XTXI 1l+L20-212

where
I, =J sin (2nat/L?) exp [— o2 (t —1)/20]

x [W} dr

2005/ 0

and
I =j cos 2nat/L?) exp [— 02 (1 —1)/24)

) 0
5 sinh [, (1 — r)]] de.
20,,,/0°

The temperature at the point (1, 1, 1) is plotted in Fig.
5 using oL/x equal to 2, 5, 10, and 20. The value of
ato/L? for the data is 0.5. The dashed line in the figure
is for the Fourier-type diffusion. The temperature in
the thermal wave equation remains equal to zero until
the arrival of the wave front. When the dimensionless
wave speed is small, e.g. equal to 2, the solution of the
thermal wave equation is significantly different. As
can be seen from Fig. 5, the wave nature of the solu-
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FiG. 6. The effect of thermal wave speed on temperature at
point (0, 0, 0).

tion is maintained for a longer period of time. For
other dimensionless wave speeds, the solutions
approach the equilibrium temperature of 0.24/r more
rapidly. Figure 6 shows the temperature at the point
{0,0,0) adjacent to the heat source. Here, the charac-
teristic of the solution for small values of the dimen-
sionless wave speed is detectable. The characteristics
of the non-equilibrium wave with memory are seen,
in particular, for ¢L/a = 2. Figures 5 and 6 show
that the sine wave travels in the material domain and
slowly loses intensity due to thermal diffusion.

The rate of convergence of the solution of the ther-
mal wave equation is comparable to the solution for
Fourier conduction. However, convergence will not
happen before the arrival of the wave front. Figure 7
shows the convergence of the thermal wave equation
for a different number of terms for the /, m, and p
indices. The first set of data in Fig. 7 is for 1 x1x1
terms where the first, second, and third entries cor-
respond to the number of terms used for the /, m,
and p indices, respectively. The last entry is for the
35%x35x 1000 terms. More terms are used for the
summation over the p index because the convergence
in the z direction is slower. For instance, the solution
using 5x 5 x 5 terms is different from the case when
35%x35x 1000 terms are used, whereas the solutions
using 5x 5x 30 terms and 35x35x 1000 terms are
virtually identical. The computation time using a 486-
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FiG. 7. Convergence of the three-dimensional solution of the
thermal wave equation using a different number of terms for
dimensionless wave speed oL/a = 2.
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50 DOS-based personal computer was 10 minutes per
temperature data.

DISCUSSION

The numerical calculations leading to the derivation
of the Green’s function solution for the thermal wave
equation are lengthy. However, the results are reward-
ing because the solution of the thermal wave equation
in regular finite bodies is now available from existing
solutions of the diffusion equation. Examples 2 and 3
show that the temperature solution of the thermal
wave equation can be quickly obtained from the tabu-
lated values of the Green’s function. The similarity of
the solution for the thermal wave conduction and for
the Fourier-type conduction by the Green’s function
method simplifies the method of obtaining solutions
to difficult problems. In fact, the solution for many
thermal wave problems is readily available if the solu-
tion for the corresponding Fourier-type conduction is
known. However, the numerical examples show that
the convergence of the wave-type conduction solu-
tions is generally poor when the dimensionless wave
speed, ¢?/aL, is small. A series solution with a finite
number of terms cannot adequately describe an
abrupt change in temperature, e.g. a traveling energy
pulse ; hence, poor convergence can result, as dem-
onstrated in Example 1. For this reason, it often
becomes necessary to employ a convergence-accel-
erating technique when using a series solution to
describe an abrupt change in temperature. A solution
to the thermal wave equation may require different
strategies to achieve convergence.

This paper opens the door to further investigation
of thermal conduction in small structures. The math-
ematical steps described in this paper transcend the
solutions for the thermal wave equation. For example,
the procedure described earlier can be used to study
the hyperbolic two-step radiation heating model
described by Qui and Tien [9]. One can show that the
argument of hyperbolic sine and hyperbolic cosine
functions for the two-step model are always real;
hence, there are no wave-type thermal effects.
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